We study the protocol of qudit teleportation using quantum systems subjected to several kinds of noise for arbitrary dimensionality d. We consider four classes of noise: dit-flip, d-phase-flip, ditphase-flip and depolarizing, each of them corresponding to a family of Weyl operators, introduced via Kraus formalism. We derive a general expression for the average fidelity of teleportation in arbitrary dimension d for any combination of noise on the involved qudits. Under a different approach we derive the average fidelity of teleportation for a more general scenario involving also the ddimensional generalization of amplitude damping noise. We discuss the cases in which it is possible to improve the fidelity by increasing the associated noise fractions. All our results are in agreement with those previously obtained by Fortes and Rigolin for the case of qubits (Phys. Rev. A, 92 012338, 2015).
I. INTRODUCTION
From its proposal in 1993 [1] until nowadays, the teleportation protocol represents one of the most known and widely studied applications of quantum entanglement [2] . According to it, if one has a source of maximally entangled qudits and a measurement apparatus capable of discriminating the d 2 elements of the generalized Bell basis, then it is possible to send an arbitrary qudit state between two locations even without prior knowledge of it. Nevertheless, in day by day experiments some additional features arise from the unavoidable interaction of the involved parts with the environment and/or imperfections in the preparation of the system, leading to losses of the resources responsible for the improvement in the execution of the task over its classical analogue. Thus, in addition to adopting strategies aiming to diminish the action of noise, one may also modify the scheme of measurements and operations on the parts and consequently to improve the performance of the protocol [3, 4] . For this reason, in order to effectively optimize the strategies to be implemented it is important to have a general picture of the scenario. In this respect, the problem of characterizing the protocol of teleportation in the presence of noisy environments have been addressed from several perspectives: In [5] , Oh and collaborators employ the Lindblad operators formalism, obtaining the fidelity of teleportation for several classes of noise in the quantum channel. More recently, Fortes and Rigolin have presented a set of results within the frame of Kraus operators for some of the most known instances of noise in the literature [6] . By using the same approach, the authors of [7] contrast theoretical predictions with experimental results. In addition, there are even some approaches to the problem of multipartite noisy teleportation [8] [9] [10] .
Apart from a few exceptions, most of the effort in describing quantum information protocols under noisy scenarios has been focused on systems involving qubits, nev- * eulisesfonseca@ufpe.br ertheless it has been shown that the performance of several tasks is enhanced when high dimensional systems are used instead [11] [12] [13] [14] [15] . Furthermore, because of the limited efficiency in usual detectors, it is more convenient the usage of single qudit systems in the process of generation and manipulation of high dimensional entanglement, rather than multi-qubit based structures [16] . In this way, the exploration of quantum information protocols employing qudits under realistic conditions becomes important.
In this paper we present a characterization of the standard protocol of qudit teleportation considering several sources of imperfection, including non-maximally entangled channel and/or joint measurements and qudits susceptible to modifications of their states due to the interaction with their environment. The paper is organized as follows: first we present the protocol, derive general expressions for the fidelity of teleportation and study the noiseless case. In section III we introduce the Kraus operators used throughout this work to model the effect of noise in the system. Then we consider the simplest case in which noise acts on a single qudit and extend results to more general scenarios involving more than one part affected. The last part is devoted to discuss our main results and present some conclusions.
II. TELEPORTATION PROTOCOL
The teleportation protocol involves two parts: Alice and Bob as usual (see Fig. 1 ), sharing a pair of entangled qudits whose state may be described by a density operatorρ ch . Alice has an additional qudit prepared in an arbitrary not necessarily known qudit state |φ = d−1 j=0 α j |j . Her task is to send the state |φ to Bob. For this, she carries out a d 2 -outcome joint projective measurement on her pair of qudits in a generalized Bell-like basis {|Φ mn }, with elements given by: where ω d = exp(2πi/d) is the primitive d-th root of unity, the symbol "⊕" denotes sum modulo d and the amount of entanglement is controlled by the β k coefficients. In this way, the usual maximally entangled joint measurements are recovered whenever β k = 1/ √ d. By employing a classical channel, Alice sends the information about her outcome (m, n) to Bob who applies a local unitary operation on his qudit, given by one out of the d 2 Weyl operatorsÛ mn defined as [17] :
After each run, the state of Bob's qudit (up to normalization) reads:
where tr A denotes the partial trace on the subsystem associated to Alice. The reliability of the protocol is usually assesed by calculating the fidelity of teleportation i.e. how close the state in Bob is after the process to that initially possessed by Alice: F mn = tr (ρ mn |φ φ|) tr (ρ mn ) −1 , where the normalization factor tr (ρ mn ) −1 is equal to the probability of occurrence of the (m, n) output. By considering the whole possible measurement results, the mean fidelity reads
Given that our goal is to assess the quality of the protocol, independent of the teleported state and due to the fact that F typically depends on the coefficients α j , then it is more convenient to calculate the average fidelity over the set of input states:
General expressions for dΓ d and V d are given in appendix A. For the sake of simplicity in what follows we will refer to F as the fidelity instead of average fidelity of teleportation.
A. Noise-free environment
Let us assume the qudits composing the channel are initially prepared in pure partially entangled states, i.e. ρ ch = |ψ ψ|, with |ψ = d−1 k=0 γ k |kk . After some calculations the fidelity of teleportation is reduced to
In this expression the classical and quantum contributions to the fidelity are made clear. Furthermore, it is easy to see that whenever we have maximal entanglement in the channel and measurements (β j = γ k = 1/ √ d), the second term in Eq. 5 is reduced to (d − 1)/(d + 1) and in this way the fidelity reaches its maximum value, F = 1 as expected.
In order to have a qualitative picture of how the amount of entanglement in the channel and measurement basis are related to the quantum contribution to the fidelity of teleportation f Q = 2 d+1 d−1 j>k,ν=0 Re{β j β * k }γ k⊕ν γ * j⊕ν , we produced a sample of random entangled states uniformly distributed in the space of the Schmidt basis [18] . Results of the normalised quantum contribution to the fidelity of teleporta-
] as a function of the amount of entanglement in the channel for the case in which the measurements basis is maximally entangled are presented in figure 2 . It is important to mention that similar results are obtained if the entanglement in the channel is fixed as maximum and random measurements (in the Schmidt basis) are used instead. We have also carried out calculations for the case in which both components (channel and measurement basis) are random, obtaining qualitatively similar results in comparison to the former case. The most remarkable difference is that the monotonic relation between f Q and the amount entanglement ceases to appear for d = 2. In this respect, it has been recently found that it is possible to infer the bounds of entanglement from teleportation data [19] .
In addition to the technical limitations in the preparation of the system and realization of measurements in maximally entangled states, noise is an unavoidable feature of real experiments, for this reason it is very important to establish strategies which lead to the improvement of the final results. In the following sections we explore the influence of protecting one or more qudits from noise on the fidelity of teleportation.
III. NOISE AND KRAUS OPERATORS
To date there are several methods to study the evolution of the state associated to a quantum systemρ interacting with its environment [20] . One of the most widely used is the Kraus operators formalism, in which the evolution may be modelled by a trace preserving mapρ →ρ = kÊ kρÊ † k , where theÊ k 's are known as Kraus operators and satisfy the completeness relation kÊ † kÊ k =1 [20] .
A. Noise and Weyl operators
Kraus operators corresponding to some of the most known instances of quantum noise, namely: bit-flip, phase-flip, bit-phase-flip and depolarizing for qubits (d = 2) and qutrits (d = 3) are presented in [20] and [21] respectively. In addition, it is not difficult to see that arbitrary d-dimensional generalizations are proportional to families of Weyl operatorsÛ mn (Eq. 2). Such a correspondence is illustrated in figure 3 . It is important to note that the set {Û mn } constitute a natural basis for the d × d Hilbert-Schmidt space and that Weyl operators are proportional to the set of Pauli matrices for d = 2. Now we present a brief description of each particular noise and corresponding expressions for Kraus operators:
• dit-flip noise: In analogy to bit-flip for the qubit case, this kind of noise considers perturbations that flip the state |j to one out of the following |j ⊕ 1 , |j ⊕ 2 , . . . , |j ⊕ d − 1 , with probability p. The associated Kraus operators are:
• d-phase-flip noise: A qudit |j subjected to dphase-flip noise may with probability p suffer one out of d − 1 phase shifts of the form:
|j . The corresponding Kraus operators are given by:
• dit-phase-flip noise: This is a special case in which a combination of both former kinds of noise may take place, e.g. a qudit suffer a flip and a phase shift at the same time. The related Kraus operators are:
• Depolarizing noise: A system initially prepared in an arbitrary state evolves to a maximally mixed state1/d with probability p. The Kraus operators for this are given by:
For the classes of noise mentioned above the Kraus operators may be written as:Ê mn = a mnÛmn , with coefficients a mn ∈ R, satisfying mn a an arbitrary system initially prepared in a stateρ = k l ρ k l | k l|, where N is the number of subsystems, k = (k 1 , ..., k N ) and 0 ≤ k j ≤ d−1, the action of a set of Kraus
This expression contains the information about noise acting on the whole system and it is very useful in the calculation of a general expression for the fidelity of teleportation (see App. C). An important class of noise related to losses in quantum systems is known as amplitude damping noise. However, in contrast to the previous cases, the related Kraus operators are not proportional to single Weyl operators. For this reason calculations of fidelity involving amplitude damping noise were carried out using the standard computational basis. Now let us briefly present its corresponding Kraus operators and the general expression for modified density operator.
B. Amplitude damping noise
Amplitude damping noise has been used to model a large amount of phenomena including energy dissipation, spontaneous photon emission, attenuation among others in two level systems [20] . A d-dimensional generalization was recently introduced, with corresponding Kraus operators given by [22] :
This kind of noise may be interpreted in the following way: A d-level system due to interactions with its environment may with probability p lose population from the excited levels, leading the system to the ground state |0 . In general terms, for a system composed by one part only, we can write Kraus operators as:
mn a (k) * ln = δ ml (due to the completeness relation). The N -party case is a straightforward generalizationρ →ρ = kÊ kρÊ † k , where k = {k 1 , . . . , k N }, as previously and Kraus operatorsÊ k given byÊ k =
In this case the modified density operator coefficients ρ p q are reduced to
The coefficients a (kj ) mn may be easily calculated for each particular case as usual: a (kj ) mn = m|Ê kj |n . We have performed calculations of fidelity of teleportation for the cases in which the three qudits involved in the process may be affected by arbitrary combinations of the classes of noise described previously, for details we refer the reader to Appendix C. The following sections are devoted to present results concerning some particular cases.
IV. NOISE ACTING ON A SINGLE QUDIT A. Weyl-like noises
In this part we consider the case of two qudits fully protected from noise, e.g. an experiment in which the production of pairs of entangled qudits is carried out in Alice's location and the Bob's qudit is affected by interacting with the environment during the transportation process.
By direct substitution into the expression for fidelity (Eq. C3), it is easy to see that when noise is acting on one qudit only, the fidelity does not depend on the qudit affected. Then, giving continuity to the example given above, we consider that the affected qudit is that on Bob's location. In this case the general expression for the fidelity of teleportation is reduced to:
which does not depend on the coefficient c f and for this reason the fidelity corresponding to dit-flip F F and ditphase-flip F F P noises are both equal to:
For d-phase-flip noise, the fidelity is reduced to:
the classical fidelity is not affected because phase shifts are exclusive elements of quantum systems. This feature will be explored in more detail in the following subsection. The corresponding fidelity for depolarizing noise is:
Note that when we have a maximally entangled channel and measurements, the fidelities F F , F P , and F F P are all equal to:
and the corresponding to depolarizing reduces to:
and the noise thresholds [critical noise fractions above which the fidelity of teleportation acquire values lower than the classical limit f C = 2/(d + 1)] are given by
B. Amplitude-Damping noise
In this case it is not possible to write a closed expression in terms of the quantum contribution to the fidelity of teleportation f Q in the same way as in the previous section, for arbitrary dimension d. For a maximally entangled measurement basis and channel, the fidelity reads
and the noise threshold p * AD in this case is given by
Note that the above expression for the fidelity of teleportation is valid whenever two parts are fully protected and only one qudit is being affected by amplitude damping noise, no matter which one. Nevertheless, this symmetry ceases to appear either when entanglement is not maximal and/or another qudit suffers the action of any kind of noise.
C. Optimization of fidelity under d-phase-flip noise in one qudit
Besides the fact that the classical fidelity is not affected by the presence of d-phase-flip noise acting in one qudit, it is possible to find some other interesting features. By analysing the expression for fidelity (Eq. 11), we see that above a noise threshold p * = (d − 1)/d, the coefficient accompanying the quantum contribution becomes negative. This situation may be overcome if we make a phase addition in the measurement basis, as pointed out in [6] for d = 2. Without loss of generality and in order to simplify calculations, assume a channel initially prepared in a maximally entangled state and a maximally entangled measurement basis with arbitrary phases φ j : β j = e iφj / √ d, with φ 0 = 0. The fidelity then holds:
The problem is thus reduced to a optimization procedure in which we search for extremal values (maximum when p < p * and minimum for p > p * ) of the quantum contribution to the fidelity. We carried out analytical calculations up to d = 3, obtaining following results: For noise fractions below the treshold p * , the whole set of phases are null, as expected. For p > p * , we got φ 1 = π for d = 2 and (φ 1 , φ 2 ) = (2π/3, 4π/3) for d = 3. The resulting fidelities are plotted in figure 4(a) . Furthermore we performed numerical calculations, from which we were able to infer the following expression for optimized fidelity:
In conclusion, if somehow either Alice or Bob are capable of estimating the amount of noise on the affected qudit, then she can improve the fidelity of the teleported state by choosing one out of two measurement basis. The results are summarized in Fig. 4(b) for arbitrary d. As it can be seen, the best improvement is attained by systems composed by qubits. As Fortes and Rigolin have shown [6] , this feature can be exploited if we permit a part of the system to be strongly affected by phase-flip noise. Nevertheless it is worth to remark that such a recovery in the fidelity of qubit teleportation reported in [6] may be explained by the fact that an increase in the noise fraction p leads to an effective suppression of the phase-flip noise action of the Kraus operators on the final state for p > 1/2. Unfortunately this is not the case for arbitrary dimension, for as it can be seen in Fig. 4(a) , such a recovery becomes lower as we increase d. 
V. NOISE IN MORE THAN ONE QUDIT
In this section we treat the case in which protection may be applied in at most one of the qudits [23] . In order to have a best insight from the results we assume maximal entanglement in the channel and measurements.
Before examining several cases in detail let summarize some general results: When entanglement is maximal, given either one, two or three classes of Weyl-like noises acting on the system, the fidelity does not depend on how those are distributed on the qudits. In this way we have
indicates the fidelity when X, Y and Z noises are acting on the input, Alice's and Bob's part of the channel qudits, with noise fractions p X , p Y and p Z respectively. For instance a situation in which two qudits may be affected is equivalent to that of having the input protected only i.e. F X,∅,Y = F X,Y,∅ = F ∅,X,Y , here the symbol "∅" stands for a noise-free qudit.
In addition, some interesting results arise when we consider dit-flip, d-phase-flip and dit-phase-flip noises: F F,F,X = F P,P,X with X = {∅, F P, D}, F X ,Y ,F = F X ,Y ,P = F X ,Y ,F P for X = Y = {∅, D} and F X,Y,∅ = F X,Z,∅ for X = Y = Z = {F, P, F P } explicit expressions are not presented here, however all may be obtained by direct substitution in equation C4.
With the exception of some specific cases listed below, we observed that whenever the system is subjected to the instances of noise considered in this work, the fidelity of teleportation exhibits quite the same behaviour: the larger the amount of noise, the lower the values attained by F . As an illustration, we have plotted results of teleportation fidelity in function of the corresponding noise fractions for the scenario (F P, F, P ) and d = 3 in Figure 5 . Another feature we were able to infer is that the larger the dimension of the subsystems d, the more noise fraction configurations leading to a fidelity of teleportation above the classical limit. Nevertheless this is something we expected, given that in most of the cases despite the teleportation fidelity shows a sharper fall as d increases, the value of the classical limit decreases even more abruptly as it can be seen in Fig. 4(a) .
Although in principle it is expected that the fidelity of teleportation tends to decrease for high noise fractions, Fortes and Rigolin [6] found a set of scenarios in which it is not the case, even with no change in the measurement basis it is possible to get fidelities above the classical limit for high noise fractions. The following part is devoted to explore these cases in detail.
A. Fighting noise with noise in qudit teleportation
We have performed an exhaustive search of scenarios in which the addition of noise to the system leads to an enhancement in the execution of the protocol without carrying out a basis change, obtaining the following extremal scenarios: (∅, F, F ), (∅, P, P ), [(∅, F P, F P ), for d = 2 only] and commutations. Under these, whenever both associated noise fractions get values either lower or higher than the noise threshold p * = 1 − 1/d, the fidelity attains values above the classical limit, with F → (2d−1)/(d 2 −1) as the noise fractions approach to 1. Note that a perfect restoration in the fidelity F = 1, is achieved by d = 2 only. It happens because the error in one of the qubits is globally corrected by the action of the same kind of error in another part of the system, while such a correction can be well succeeded for systems with more than two dimensions only probabilistically, due to the fact that in this case there are several possible final configurations (e.g. a qutrit |j may be flipped in two different ways: either |j ⊕ 1 or |j ⊕ 2 ). Furthermore in the limit p → 1, d = 2 is the only case in which there is just one Kraus operator acting on the state and in this way the purity of the subsystem is not altered.
Along with the scenarios we have just described, there are some other instances for which even adding noise to the third qudit, the system is still able to exhibit fidelities beyond the classical value, as exposed in figure 6 for a system under the action of dit-flip noise independently on its three components. For this, the teleportation fidelity reaches a value above f C whenever either the noise fractions are all below or two of them are above a noise threshold p * = 1 − 1/d. It is important to remark that the scenario (P, P, P ) exhibits the same behaviour as that presented in figure 6 for (F, F, F ) .
The other relevant situations correspond to adding an arbitrary class of noise on the input's qudit and dit-flip or d-phase-flip noise on the qudits in the channel. For all these instances the fidelity of teleportation have a similar behaviour. In particular, results corresponding to the scenario (D, F, F ) are presented in figure 7 . Note that there are two separated regions satisfying F > f C : the usual corresponding to all noise fractions below the threshold, and on the other hand, that in which both noise fractions associated to dit-flip errors are above the threshold p * = 1 − 1/d, extended throughout the p D axis up to a maximal depolarizing noise fraction p *
The whole scenarios are summarized in Table I , as well as the maximal noise fractions on the input's qudit and possible commutations.
Another interesting case observed in [6] (also in [7] , using the singlet fraction instead [24] ), is the scenario (∅, AD, AD), for d = 2. In this, the fidelity of teleportation has an asymptotic tendency to the classical limit when the noise fractions approach to their maximal value, as it can be observed in Fig. 8 for d = 3 . Another feature we were able to infer is that the regions of noise parameters corresponding to F < f C are relatively small when compared to other scenarios involving noise on two parts. As an illustration, for d = 2 it covers ∼ 24, 44% out of the whole configurations and exhibits a tendency to decrease with d, for instance it is only about 15, 4% for d = 5.
VI. CONCLUSION
We have carried out a characterization of the qudit teleportation protocol in realistic scenarios. Under this, errors may be introduced to the system either by imperfections in the preparation and measurements and/or by the unavoidable interaction with the environment. We have performed a exhaustive search of all possible kinds of behaviour in the fidelity of teleportation, finding four predominant sets: The most typical and intuitive may be described as a decay in the fidelity with the noise fractions, depicted in figure 5 ; the scenario (F, F, F ) or (P, P, P ) ( Figure 6 ); scenarios mentioned in Table I and   TABLE I 
with 0 < θ j ≤ π/2 and 0 < φ j ≤ 2π.
Under this parametrization the invariant volume element dΓ d is given by [25] [26] [27] :
in a compact form:
The total volume V d = dΓ d may be easily calculated and is equal to:
may be facilitated if we take into account some symmetries. First of all, note that the volume element dΓ d does not depend explicitly on the phases φ j . Moreover, the state coefficients α j are proportional to exp(iφ j ), then the only way in which the integration does not vanish is having both: the coefficient and its conjugate inside the argument in order to cancel the corresponding phases. In this way we must have: α j α * k α l α * m ∝ δ jk δ lm +δ jm δ kl . Let us determine the proportionality constant. For simplicity we only show calculations for |α 0 | 4 , nevertheless as the generated states are uniformly distributed, then any choice is equivalent. The integration reads:
It is not hard to show that integrations of the kind above have the following solutions: 
.
This expression reduces to
Back to the general case, it is possible infer that the proportionality factor must be equal to
. In this way we have
The result above is very useful in the calculation of reduced expressions for the average fidelity of teleportation (see next Appendix).
Appendix C: General expressions for fidelity of teleportation
This appendix is devoted to present the derivation of general expressions for the fidelity of teleportation within noisy environments under two approaches. The first contemplates the cases in which the Kraus operators associated to the classes of noise involved are proportional to Weyl operators. In the second part we consider Kraus operators written in the standard computational basis in order to consider the cases in which amplitude damping noise may take place in any part of the system.
Weyl-like noises
The noise coefficient associated to the input qudit a jk may be expressed as a superposition of the contributions of each region in figure 3: a 0 , noiseless region (green); a f , flip region (blue); a p , phase flip region (yellow) and a c for the region of combination of flip and phase-flip (red). In this way, the squared noise coefficient reads
Thus we have the following correspondences between noise and reduced coefficients: dit-flip: a p = a c = 0, phase-flip: a f = a c = 0, dit-phase-flip: a p = a f = 0 and a f = a p = a c for depolarizing.
After some steps, the fidelity of teleportation F = mn Tr {|φ φ|ρ mn } takes the form:
ρ k,k⊕ν,n⊕ν,j,j⊕ν,m⊕ν , using equation (6) and assuming a channel initially prepared in a pure state |ψ = 
where b p2q2 and c p3q3 are the noise coefficients corresponding to the channel qudits respectively. By using the result of Appendix B (eq. B3) and after calculations the average fidelity takes the form 
Note that for the noiseless case the noise coefficients read a pj qj = δ pj ,0 δ qj ,0 (the same for b pj qj and c pj qj ), then the fidelity reduces to equation 5, as expected. By using analogous expressions for the noise coefficients of the channel qudits b jk and c jk (Eq. C1), substituting into equation C3, and after some calculations the fidelity of teleportation f ,
where f Q is the quantum contribution to the fidelity of teleportation in the absence of noise andf is related to the channel and measurement coefficients as:f
attaining its highest value d(d − 1) when the entanglement in the channel and measurements is maximal.
Kraus operators in the standard computational basis
Let us calculate the fidelity of teleportation. Substituting Eq. 9 in Eq. 3, we have Analogously to the previous treatment, using the results of Appendix B and after some calculations the average fidelity of teleportation holds It is worth to mention that the expression for fidelity above (Eq. C6) reproduces the whole results of Fortes and Rigolin [6] for the case of qubits (d = 2).
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